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The interplay between spontaneously broken gauge symmetries and Bose-Einstein condensation
has long been controversially discussed in science, since the equation of motions are invariant un-
der phase transformations. Within the present model it is illustrated that spontaneous symmetry
breaking appears as a non-local process in position space, but within disjoint subspaces of the un-
derlying Hilbert space. Numerical simulations show that it is the symmetry of the relative phase
distribution between condensate and non-condensate quantum fields which is spontaneously broken
when passing the critical temperature for Bose-Einstein condensation. Since the total number of gas
particles remains constant over time, the global U(1)-gauge symmetry of the system is preserved.
PACS numbers:
1. INTRODUCTION
It is hard to find perfect symmetries in daily life, if
one puts focus on classical objects. One may easily rec-
ognize the asymmetry of a seemingly ”perfect” melon,
i.e.
√
x2 + y2 + z2 = R, if one analyzes the R3 symme-
try structure of the melon e.g. by comparing slices in
the R2 plane with circles obeying
√
x2 + y2 = r, where
r > 0 is the (variable) radius of a slice. In quantum
mechanics, formally, it is rather straight forward to de-
fine a perfect symmetry [1]. Let |Ψ〉 be a wave function
(wave field in bracket notation). Then the operation T
defines a symmetry operation on the state |Ψ〉, if T |Ψ〉
is norm-preserving and leaves the laws of physics of a
given system invariant under this symmetry operation T .
As an example, any (closed) quantum system obeying
Schro¨dinger’s equation is rotationally symmetric under
rotations R, since the transformation Ψ(r)→ RΨ(r) with
RΨ(r) := eiφΨ(r) is (a) norm-preserving and (b) leaves
the physical equations of state invariant [2].
Processes inducing transitions from states of gauge
symmetry to asymmetric states are called symmetry
breaking. If one considers a classical-to-quantum tran-
sition in an unrealistic, but helpful gedanken experiment
one comes to the conclusion that the transition from a
symmetric state to a asymmetric state (symmetry break-
ing) is likely to depend on the scales of the system. Imag-
ine two points placed at a relative distance d on top of the
melon. When the melon is rotated by an angle φ in the R3
plane without changing the z positions of the points (e.g.
using a norm-preserving rotation Rφ ∈ SO(3) in order to
rotate the melon), the distance is not preserved, because
of the underlying asymmetry of the melon. Thus, the
physics of the system depends on the choice of the angle
φ (e.g. if the points are charged), because of the underly-
ing melon symmetry or asymmetry, respectively. Taking
a continuous limit to the quantum regime, i.e. d,R→ 0+
and temperature T → 0+, the change in distance induced
by asymmetry becomes on the order of the particles’ un-
certainties, i.e. their wave lengths, and thus the distance
remains preserved within the resolution of the quantum
limit. Indeed, in this (quantum) limit the symmetry of
the system gets independent on the choice of the angle
(phase) φ (compare e.g. Schro¨dinger’s equation [3]).
Bose-Einstein condensates are particularly interesting
for analyses of broken gauge symmetries, since they re-
flect a natural classical-to-quantum transition from a mi-
croscopic quantum (statistical) state to a macroscopic
state of matter which obeys both the characteristics
of quantum mechanics induced by uncertainty (particle
wave duality) and the laws of classical Boltzmann statis-
tics for indistinguishable particles in the semi-classical
limit. Switching back to well-founded mathematical the-
orems, it has been shown that spontaneous gauge sym-
metry breaking is a necessary and sufficient process for
Bose-Einstein condensation. A clear understanding of
the interplay of spontaneous gauge symmetry breaking
and Bose-Einstein condensation [4–8] is still of current
scientific interest. In this context, it has e.g. long
been unclearified whether the absolute phase of a Bose-
Einstein condensate is completely random or whether it
is not well-defined, since the total average of the quantum
field should always be zero [5, 9–12] as long as the total
number of particles is conserved. Is it possible that the
absolute phase of a Bose-Einstein condensate has a pre-
defined alignement due to spontaneous symmetry break-
ing?
2. THEORY
In this Article, it is illustrated for a Bose gas with con-
stant particle number that the absolute phase of the Bose
gas is completely random. However, a broken gauge sym-
metry arises below the critical temperature as asymmetry
of the relativ phase distribution between condensate and
non-condensate field, thus in disjoint subspaces of the un-
derlying Hilbert spaces. The field modes are numerically
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2analysed modelling the underlying complex valued fugac-
ity spectrum, considering very weak (s-wave) interactions
and non-classical correlations between the particles. The
phase gauge symmetry breaking process is continuously
monitored by switching the gas temperature from above
the critical temperature close to zero, and drawing (av-
erage) realizations of the condensate and non-condensate
quantum field, which is treated as a coherent field with
randomly (Boltzmann distributed) field mode occupa-
tion numbers using a random (Markov chain) Monte
Carlo Metropolis algorithm. The spectrum implies a
macroscopically and locally broken phase gauge symme-
try of the average condensate and non-condensate quan-
tum field, and the results indicate that the broken gauge
symmetry can in principle be experimentally verified by
measuring the local phase distribution of the condensate
part of the Bose gas. Since the total i.e. global U(1)-
gauge symmetry of the physical system is consistently
preserved when passing the ideal gas critical tempature
for Bose-Einstein condensation (particle number conser-
vation), the global phase of the Bose-Einstein condensate
is well-defined, but totally random.
From the symmetry definition of the Introduction, it
is straight forward to understand that Noether’s theorem
[13] can be understood as the classical pendant, or even
a precursor of the symmetry definition of quantum me-
chanics. It states that any continuous symmetry implies
a conserved quantity. Noether’s theorem furthermore im-
plies that, if a physical quantity is not conserved over
time, then there can be no underlying continuous sym-
metry. Thus, since the global phase and the total number
of particles of a Bose-Einstein condensate are conjugate
variables, this implies that the process of gauge symme-
try breaking may be due to gain or loss of gas particles. If
one keeps the number of gas particles constant over time,
particles can only be exchanged between the two formal
subsystems condensate and non-condensate, so that only
the phase gauge symmetry of the relative phase distribu-
tion between these two subsystems may be broken below
the critical temperature, since the global phase gauge
symmetry of the condensate is preserved and thus the
phase is absolutely random. Thus, spontaneous symme-
try breaking may only effect on the relative phase distri-
bution between condensate and non-condensate subsys-
tems.
In order to put more focus on this conjecture, let’s re-
cover some number-conserving theories of Bose-Einstein
condensation [10, 11, 14]. Since all equations of state
can be defined in terms of quantum fields, we consider
the decomposition
Ψˆ(r) = Ψˆ0(r) + Ψˆ⊥(r) (1)
in second quantization, and furthermore the spatial and
number average of the wave field
ψ =
∫
dr〈Ψˆ(r)〉 =
∫
dr〈Ψˆ0(r)〉+
∫
dr〈Ψˆ⊥(r)〉. (2)
It is Elizur’s theorem [7] which motivates the definition of
the order paramter in the above way, since the theorem
implies that order parameters must be non-local objects.
Indeed, position dependend single particle wave functions
can not change their symmetry properties during Bose-
Einstein condensation spontaneously for sufficiently weak
interactions, thus in order to find spontaneously broken
gauge symmetries it is only important to analyse the
global spatial average of the quantum fields. Processes
which may lead to a spontaneuous broken gauge symme-
try inducing (many body) phase coherence [17] are non-
classical correlations (entanglement) between condensate
and non-condensate particles, which implies formally lo-
cal particle-number breaking (compare e.g. [11, 16, 18]).
The Heisenberg equation of state is invariant under
phase transformations ψ → ψeiφ and thus implies a con-
tinuous phase gauge symmetry [15]. Since the number of
particles in the Bose gas is conserved,
ψ = 0 (3)
at all times. Any non-zero field average would contradict
particle number conservation and correspond to a glob-
ally and spontaneously broken gauge symmetry. Thus,
the global U(1)-gauge symmetry remains preserved. One
could argue that the symmetry breaking occurs on time
scales smaller than the energy scales defined by the en-
ergy uncertainty. However, those processes only occur as
vanishingly small imaginary parts on the diagonal part of
the density matrix and thus do not physically contribute
on the energy scale of the considered system [16]. On the
other hand, if one argues that also the total number of
particles may fluctuate, symmetry breaking due to these
fluctuations cannot occur in subsystems of conserved par-
ticle number, but only in non-classically correlated total
number states. Since number fluctuations of the total
particle number are naturally classical without coher-
ences between different (total particle) number states,
spontaneous symmetry breaking may thus not occur in
a Bose-Einstein condensate with uncertain total number
of particles - which is mathematically well-defined by an
ensemble of subsystems with constant particle number.
Hence,
∫
dr〈Ψˆ0(r)〉 = −
∫
dr〈Ψˆ⊥(r)〉 , (4)
3FIG. 1: (color online) Real and Imaginary parts of 4 × 106
realizations of the average non-condensate random field in
Eq. (5) for N = 1000 particles in a trap with trap frequencies
ωx, ωy = 2pi×42.0 Hz, ωz = 2pi×120.0 Hz below (T = 1.0 nK)
the ideal gas critical temperature Tc = 26.9 nK. Number of
considered eigen modes in the trap is ncut = 500 correspond-
ing to a trap depth of 2.8 µK. The probability distribution
pip[Im(ψ⊥),Re(ψ⊥)] highlights the broken symmetry of the
quantum field – the (left) shifted real parts of the distribu-
tion.
which means that the invariance of ψ = 0 under norm
preserving rotations implies that the particle number is
conserved (Noether’s theorem), and vice versa, a con-
stant particle number indicates that the symmetry of the
total field is plausible and hence gauge symmetries can
only be broken in different subsystems of the underlying
Hilbert space.
3. RESULTS
In the subsequent section, numerical results for sym-
metry breaking processes are shown for Bose-Einstein
condensates in three dimensions. The randomness of the
condensate and non-condensate quantum field passing
the critical temperature for Bose-Einstein condensation
is modelled by different numerical realisations of the wave
functions with random samples using a standard Monte
Carlo Metropolis algorithm. Random fluctuations of the
quantum field induced by temperature are accounted for
using Boltzmann probability factors [19]. For this pur-
pose, the concept of imaginary time [20] is used. In this
case, one realization of the random non-condensate field
average can be mathematically expressed as
ψ0 = −ψ⊥ =
∫
dr〈Ψˆ⊥(r)〉 = N−1
∑
k 6=0
ckz(µ
c
k) , (5)
FIG. 2: (color online) Phase distribution of the non-
condensate quantum field obtained from the field distribution
of the Bose-Einstein condensate in Fig. 1. Condensate phase
distribution corresponds to shifting φ → φ ± pi = φ0. The
non-condensate (and condensate) phase is distributed around
±pi(0).
where ck are (real valued) random probability amplitudes
for a particle to occupy a state corresponding to the fu-
gacity z(µck) = e
βµck , and µck is a complex valued chemical
potential (of the kth state of the non-condensate), i.e.
defined by the kth complex root of the (approximate)
equation
N −N⊥ =
∑
j 6=0
zj(µc)
 ∏
k=x,y,z
1
1− e−jβ~ωk − 1
 (6)
for a Bose-Einstein condensate in a harmonic trap with
trapping frequencies (ωx, ωy, ωz) and very weak s-wave
(short range) interactions between the particles [5, 16,
21]. This implies a relative phase of pi between the sub-
systems condensate and non-condensate, while the field
equations remain gauge symmetric. It can be shown that
probability amplitudes moreover satisfy ck ∗ cl = δkl, be-
cause of the orthogonality relation which holds for single
particle wave functions with sufficiently weakly interact-
ing particles. The probability for the field to occupy a
state with random (number) amplitudes {ck} = {0..1} is
given by the Boltzmann factor defined by the absolute
value of the chemical potential µ and the complex valued
inverse temperature,
p(µ) =
e−β|µ|
Nµ , (7)
with Nµ =
∫
C dµ e
−β|µ| and β = −it/~. The total chemical
potential of the state is given by
4µ = Re{µ}+ i · Im{µ} =
∑
k 6=0
|ck|2µck (8)
Finally, it is easy to show that N = (∑k 6=0|z(µck)|2|ck|2)1/2.
The spectrum of the fugacity consists of two parts, a
rotationally symmetric ring in the complex plane, which
defines a quasi-continuum of metastable states in partic-
ular including the Boltzmann equilibrium for Re(z) → 1
and Im(z) → 0, and a real valued symmetry breaking
part which ranges from Re(z)→ 0+ and Im(z) = 0 to the
Boltzmann equlibrium Re(z) = 1, Im(z) = 0. Hence,
|ψ⊥|2 = 1 , (9)
for any realization of the non-condensate field for which
the probability amplitudes obey perfect reflection asym-
metry, i.e. ck = −cl with φk = φl ± pi, and
|ψ⊥|2 = 0 , (10)
if there is perfect reflection symmetry, i.e. ck = cl for
φk = φl ± pi above the critical temperature.
4. DISCUSSION
This structure of the spectrum explains that the sym-
metric contributions of the random (non-condensate)
quantum field (which build a circle in the complex plane)
cancel out on average below the critical temperature,
while the ”symmetry breaking part” (Im(z) = 0) of
the spectrum leads to a non-zero averages of the non-
condensate quantum field. Note that the non-condensate
quantum field can be seen as imprint of the condensate
field, since the sum of the condensate and non-condensate
quantum field preserves the global U(1)-gauge symmetry.
For temperatures approaching the critical temperature,
the gauge symmetry of the non-condensate (and conden-
sate) field is relatively (in the sense of two disjoint sub-
spaces of the underlying Hilbert spaces) broken, so that
ψ0 = −ψ⊥ 6= 0 , (11)
where the overline denotes different random (numerical)
realizations of the quantum fields. Our findings show
that the spectrum of the fugacity for the non-condensate
part of a Bose-Einstein condensate in a trap is gapless as
the real valued spectrum (projection onto the real parts)
is. The imaginary parts of the fugacity entail the widths
(inverse life times) of non-condensate many body states.
In Fig. 1, a number of 4× 106 realizations of the non-
condensate field is shown in order to illustrate symmetry
breaking in the non-condensate (and condensate) field,
which is figured using samples over Eqs. (5, 6) using
the probability distribution in Eq. (7). The result shows
a disc in the (Re(ψ⊥), Im(ψ⊥)) complex plane which is
(left) shifted in x (real part) direction, because of the
underlying microscopic asymmetry of the phase distri-
bution for the non-condensate field (entailed in the non-
condensate chemical potential). As the symmetry of the
fugacity spectrum is broken along the real axis in the
complex plane, the average of the imaginary parts re-
mains zero, whereas the average over the wave fields’
real parts become non-zero. These shifts lead to non-
zero real valued and thus stable configurations of the av-
erage field, as highlighted by the probability distribution
pip[Re(ψ⊥), Im(ψ⊥)].
The relative phase distribution of the non-condensate
and condensate field in Fig. 1, respectively, is defined by
the angles
φ = φ0 + pi , (12)
where φ0 is the phase of the condensate average field. The
non-condensate (and condensate) phase is distributed
around ±pi(0), respectively, with a background pip of
around pip ∼ 0.3. Thus, this implies that also the choice
of the absolute phase of the condensate is totally random,
but the relativ phase gauge symmetry between conden-
sate and non-condensate field is spontaneously broken
below the critical temperature.
Repeating the same calculus for different temperatures
shows that the symmetry breaking part of the quantum
field continuously tends from zero for large temperatures
to negativ values as the temperature approaches zero.
As a consequence of the U(1)-symmetry breaking part of
the spectrum, the average non-condensate (and conden-
sate) random field becomes non-zero as the temperature
approaches zero, while the global U(1)-gauge symmetry
and thus the constraint of total particle number conserva-
tion is preserved for all temperatures. For temperatures
larger than the critical temperature, the fugacity spec-
trum is no longer simply connected, but gapless. The
limit T → ∞ leads to a symmetric spectrum and there-
fore to a vanishing of the broken phase gauge symmetry.
5. CONCLUSION
At first glance, it may seem counter intuitive that the
phase symmetry is broken below the critical temperature
when comparing our results e.g. to the ”melon gedanken
experiment”, since the condensation process occurs onto
5the ground state of the Bose gas, which is symmetric.
Thus, one may expect that the symmetry is preserved or
even revealed below the critical temperature. However,
as illustrated in the analysis of this article, this is only
a part of the entire condensate process, since it is the
relative phase distribution of the condensate and non-
condensate phase which matters.
Mathematically speaking, spontaneous symmetry
breaking during Bose-Einstein condensation appears as
non-zero real valued averages of complex number val-
ues representing non-condensate and condensate quan-
tum fields, which highlight a asymmetric relative phase
distribution of the two fields. Thus, the origin of this shift
can be assigned to the underlying microscopic symmetry
structure of a finite set of two dimensional complex val-
ued roots defined by the constraint that the sum of the
two fields remains zero.
From the physical point of view, the process of gauge
symmetry breaking during Bose-Einstein condensation
occurs as a dynamical process in time (and temper-
ature, respectviely) inducing phase coherence between
condensate and non-condensate particles on a macro-
scopic scale when slowly cooling the gas temperature be-
low the critical temperature expected for Bose-Einstein
condensation. Symmetry breaking during Bose-Einstein
condensation can thus be explained as coherent interac-
tions due to (particle-number breaking) scattering pro-
cesses between condensate and non-condensate particles,
which imprint non-random and quantum mechanically
correlated phase shifts between the condensate and non-
condensate particles inducing many-body coherence and
thus non-zero field averages below the critical tempera-
ture.
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